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SOME SUFFICIENT PROBLEMS 
FOR CERTAIN UNIVALENT FUNCTIONS 

HITOSHI SHIRAISHI AND SHIGEYOSHI OWA 



Abstract. For analytic functions f(z) in the open unit disk U with /(0) = 
/'(0) — 1 = 0, R. Singh and S. Singh (Coll. Math. 47(1982), 309-314) have 
considered some sufficient problems for f(z) to be univalent in U. The object 
of the present paper is to discuss some sufficient problems for f(z) to be some 
classes of analytic functions in U. 



1. Introduction 

Let A denote the class of functions f{z) that are analytic in the open unit disk 
U = {z e C : \z\ < 1}, so that /(0) = /'(0) -1 = 0. 

We denote by S the subclass of A consisting of univalent functions f(z) in U. 

Let C(a) denote 

C(a) = {/(z) G A : \f'(z) - 1| < 1 - a, ^ a < 1} 

and C = C(0). 

Also, let S* (a) be defined by 

S*(a) = e A : Re (^jjj^J > <*> S a < 1 

and S* = 5*(0). 

Further, let STS(/j,) denote 

STS(fi) = [f(z) eA:Re ( ^TT^ " > 0, < /i ^ 1 



and STS = STS{1). 



The basic tool in proving our results is the following lemma due to Jack 1] (also, 
due to Miller and Mocanu [2])- 



Lemma 1. Let w(z) be analytic in the open unit disk U with w(0) = 0. Then if 
\w(z)\ attains its maximum value on the circle \z\ = r at a point zq S U, then we 
have zqw'(zo) = kw(zo), where k ^ 1 is a real number. 
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2. Conditions for the class C 



Applying Lemma [TJ we drive the following result for the class C. 



Theorem 1. If f(z) 6 A satisfies 



!/'(*) -i| 



5 + 



zf'(z) 



/'(*) 



7 /l + 2^ 7 

< 



/or some rea/ /3, 7 ^ and <5 > — — , then f(z) G C. 



(z 6 U) 



Proof. Let us define u>(z) by 

u>(z) = f\z) - 1 (z G U). (1) 

Then, clearly, u>(0) = and w{z) is analytic in U. Differentiating both sides in 
(HJ), we obtain 

zf"{z) _ zw'(z) 



f'(z) l + w(zY 



and therefore, 



i/'oo -ir 



zw'(z) 



1 + w(z) 



< 



1 + 25 



(z G U). 



If there exists a point zq G U such that 



max |u>(z) = |w(zo)| = 1, 

then Lemma [T] gives us that w(zq) — e l6 and zqw'(zq) — kw(zo) (k ^ 1). 
Thus we have 



\f'(z )-l\ 



zof"(z ) 



/'(*>) 



w(z 
6 



5 



z w'(z Q ) 



1 + w(z ) 

kw(zo) 



1 + w(zq) 



e'2 -\- e 2 
x \7 ■ 



(k + 2Sy +rtan^ 



> 



1 + 2<5 



7 



This contradicts our condition in the theorem. Therefore, there is no zq G U 
such that |w(zo)| = 1. This means that |w(z)| < 1 for all z G U. It follows that 
- 1| < 1 (2 G U) so that, f(z) EC. □ 



Letting /3 = 1 — A, 7 = A and 5 = 1 in Theorem [1] we have the following corollary 
by Singh and Singh [3]. 
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Corollary 1. If f(z) 6 A satisfies 

/or some rea/ A ^ 0, then f(z) G C. 

Making S — in Theorem [TJ we see 
Corollary 2. If f(z) G „4 satisfies 

for some real (3 and 7^0, then f{z) G C. 

Remark 1. If we take 7 = in Corollary[3J then we have that, for some real /3, 

\f{z)-lf<l (zGU) 

implies 

|/'(*)-l|<l (zGU). 



\f'(z) 1 



l-A 



/'(*) 



3. Conditions for the class S* (a) 
Next, we derive the following result for the class S* (a). 
Theorem 2. // f(z) G A satisfies 

<(~y (zgu) (2) 

or 

<QY (zgU) (3) 
for some real f3, 7 with f3 + 27 ^ 0, i/ien /(z) G 5*. 



/(*) 



zf'{z) 
f(z) 



zj'iz) 



Proof. Define w(z) in U by 

f[z) 1 - 

Evidently, w(0) = and w(z) is analytic in U. Differentiating ^ logarithmically 
and simplifying, we obtain 

zf(z) \ _ 2w'(z) 
f{z) ) {l-w{z)Y 



4 



HITOSHI SHIRAISHI AND SHIGEYOSHI OWA 



and, hence 



zf'(z) 



- 1 



*/'(*) V 



2w{z) 



1 — w(z) 



2zw'{z) 7 /1\ 7 



If there exists a point zofU such that 



max |w(z)| = |w(zo)| = 1, 

z|^|z | 



then Lemma [T] gives us that w(zq) — e %e and zqw'(zq) — kw(zo) (k ^ 1). 
Thus we have 



W( z o) 



/(*>) 



- 1 



f z f'(zo) \ 
\ f(zo) J 



2w(z ) 



1 - w(Zq) 



2z w'{z ) 



\l-w(z )\ 



/3+2 7 



This contradicts the condition ([5]) in the theorem. Therefore, there is no zq e U 
such that |w(zq)| = 1. This means that |u>(z)| < 1 for all z £ U. This implies that 



\w(z)\ 

It follows from (0 that 



G(z) - 1 



G(z) + 1 



< 1 (ze U). 



(5) 



Rc(G(z)) = Re 



*/'(*) 
/(*) 



> (z e U) 



so that, f(z) e S*. 

Spending the same manner with ([2]), we conclude f(z) £ S* for the condition 
©. □ 



Theorem 3. If f(z) £ A satisfies 



zf'(z) 



for some real ^ a < 1, /3 and 7 wii/i /3 + 27 ^ 0, i/ien /(z) 6 <S*(a). 



Proof. Defining the function w(z) in U by 

r( , zf'(z) 1 + (1 - 2a)w(z) r ,w,x 
G z = 77 \ = 1 7~1 w z ^ 1 ' 

we have that is analytic in U and w(0) = 0. Since 

'^)V_2(1-«K( Z ) 



f(z) 



(i-w(z)y ' 
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we obtain that 












m 






v /(*) ) 



2(1 - a)w(z) 



1 — w(z) 



2(1 - a)zw'(z) 



(l-w(zW 



< 



If there exists a point zo G U such that 

max |uj(z)| = |w(zo)| = 1, 

then Lemma [T] gives us that 10(20) = and zqw'(zq) = kw(zo) {k Si 1). 
Thus we have 



zof'(zo) 



1 



zq 



f z f(z ) \' 



2{l -a)w(z ) 



1 - w(z ) 
\l-w(zo)\f>+*t 



2(1 - a)z w'(z ) 



(l-w(z Q ))2 
(1 - a)^i 



> 



This contradicts our condition in the theorem. Therefore, there is no zq G U 
such that |w(zo)| = 1. This means that |w(z)| < 1 for all z € U. This implies that 

G(z) - 1 



\w(z)\ 
From ([6]), we obtain 



G{z) + (1 - 2a) 



< 1 (z G U). 



Re(G(z)) = Rc ( ) > " (*€U), 



/(*) 



so that, /(z) G S*(a). 



(6) 



□ 



4. Conditions for the class STS(h) 
Using Lemma [J we show the following result for the class STS(pi). 



Theorem 4. If f(z) G A satisfies 



zf(z) 



zf{z)\ 



(z GU) 



/or some real a ^ 0, j3 > and /i 



/3 



a + /3 



, tfien /(z) G STS(n). 



6 



HITOSHI SHIRAISHI AND SHIGEYOSHI OWA 



Proof. Letting 



G{z) = 



zf'(z) _ (l + w{z) 



f(z) \l-w(z) 



(w(z) + 1) 



with /J, — , we see that w(z) is analytic in U and w(0) = 0. Noting that 

a + p 



have 



*/'(*) 


a 






m 






v m ) 



2nw'{z) 


(l + w{z)^ 


a-i 


(1 


— w(z)) 2 


\1 -w{z)j 


) . 


P 


1 + w(z) 


a0+0(v-l) 


2fizw'(z) 




1 — w(z) 




(l-w(z)) 2 



2fj,zw'(z) 
(l-w(z)) 2 

If there exists a point zo £ U such that 



(z e U). 



max |w(z) = |w(zo)| = 1, 
kl^l»o| 

then Lemma Q] gives us that w(zq) = e l6 and zqw'(zq) = kw(zo) {k Si 1). 
Thus we have 



zof'(zo) 


a 




fz f'(z )V 




/(*>) 






K /(*>) J 





2/jz w'{z q ) 



(l-w(z Q )) 2 

2?fcV 
\l-w{z )\ 2 P 



> 



1 



which contradicts our condition in the theorem. Therefore, there is no zq S U such 
that |io(2o)| = 1- This means that |w(z)| < 1 for all z e U. It follows that 

1 + w(z)Y 



G(z) = 
From ([7]), we obtain that 

Re (g(z)^ 

that is, that f(z) £ STS(ft) 



= Re 



1 — w(z) 

zf(z)\» 



/CO 



(\w(z)\ < 1). 



>0 (*GU), 



(7) 



□ 
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